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ELODIE BOUCHET 



(N 
O 



o 



Abstract. We consider random walks in Dirichlet environment (RWDE) on Z*^, for 
d 3, in the sub-ballistic case. We associate to any parameter (ai, . . . ,ck2d) of the 
Dirichlet law a time-change to accelerate the walk. We prove that the continuous- 
time accelerated walk has an absolutely continuous invariant probability measure 
for the environment viewed from the particle. This allows to characterize directional 
transience for the initial RWDE. It solves as a corollary the problem of Kalikow's — 1 
law in the Dirichlet case in any dimension. Furthermore, we find the polynomial order 



, of the magnitude of the original walk's displacement. 

>>■ 

^ ' 1. Introduction 

(N : 

The behaviour of random walks in random environment (RWRE) is fairly well un- 
|V] . derstood in the case of dimension 1 (see Solomon ([16j), Kesten, Kozlov, Spitzer ([8j) 

Ph ! and Sinai([T5])). In the multidimensional case, some results are available under ballis- 

r-| I ticity conditions (we refer to [2U] and [2] for an overview of progress in this direction), 

■ or in the case of small perturbations. But some simple questions remain unanswered. 
For example, there is no general characterization of recurrence, Kalikow's — 1 law is 
known only for d ^ 2 ([21j). 

Random walks in Dirichlet environment (RWDE) is the special case when the tran- 
^ ■ sition probabilities at each site are chosen as i.i.d. Dirichlet random variables. RWDE 

are interesting because of the analytical simplifications they offer, and because of their 
\ link with reinforced random walks. Indeed, the annealed law of a RWDE corresponds 

' to the law of a linearly directed-edge reinforced random walk ([1], [Ij). This model 

• first appeared in [TT] in relation with edge reinforced random walks on trees. It was 

^ : then studied on Z x G ([?]), and on Z'^ ([5],|18j,[12j,[T^,P]). 

We are interested in RWDE on Z'^ for ci ^ 3. A condition on the weights ensures 
that the mean time spent in finite boxes is finite. Under this condition, it was proved 

■ ([13]) that there exists an invariant probability measure for the environment viewed 
5^ , from the particle, absolutely continuous with respect to the law of the environment. 

Using [T3], this gives some criteria on ballisticity. 

In this paper, we focus on the case when the condition on the weights is not satis- 
fied. Then the mean time spent in finite boxes is infinite, and there is no absolutely 
continuous invariant probability measure ( [13] ) . The law of large numbers gives a zero 
speed. To overcome this difficulty, we construct a time-change that accelerates the 
walk, such that the accelerated walk spends a finite mean time in finite boxes. An 
absolutely continuous invariant probability measure then exists. With ergodic results, 
it gives a characterization of the directional recurrence in the sub-ballistic case. As a 
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corollary, it solves the problem of Kalikow's — 1 law in the Dirichlet case (the case 
d = 2 has been treated in [21]). 

Besides, in the directionally transient case, we show a law of large numbers with 
positive speed for our accelerated walk. This gives the polynomial order of the mag- 
nitude of the original walk's displacement, and could be a first step towards a limit 
theorem for the original RWDE. 

2. Definitions and statement of the results 

Let (ei, . . . , Crf) be the canonical base of Z'^, d ^ 3, and set ej = —Cj-d, for j G 
[d + l,2(i]. The set {ei, . . . , e2d} is the set of unit vectors of Z"'. We denote by 
Ikll ~ Si=i Li-norm of z E Z'^, and write x ^ y if \\y — x\\ = 1. We consider 

the set of directed edges E = {{x,y) G (z'^)^,a; ~ y}. Let Q be the set of all possible 
environments on Z*^ : 

2d 

fl = {u = {uj{x,y))xr^y g]0, 1]^ such that Vx G Z'^, ^cj(x,x + Cj) = 1}. 

i=l 

For each w G we run a Markov chain Z„ on Z^ defined by the following transition 
probabilities : V(a;, G Z"', Vz G |l,2(i], 

Px^^n+i = y + ei\Zn = y) =uj{y,y + ei). 

We are interested in random iid Dirichlet environments. Given a family of positive 
weights {ai, . . . ,a2d), a random iid Dirichlet environment is w G constructed by 
choosing independently at each site x G Z'^ the values of {uj{x, x + Cj)) 24 according 
to a Dirichlet law with parameters (ai, . . . , a2d) that is with density : 




on the simplex 

2d 

{{xi,...,X2d) G]0,l]2^^a;,, = l}. 

1=1 

Here F denotes the Gamma function F(a) = f^'^e'^dt , and dxi . . . dx2d-i repre- 
sents the image of the Lebesgue measure on r^'^-i by the application {xi, . . . , X2d-i) 
{xi, . . . , X2d-i, 1 — Xi — ■ ■ ■ — X2d-i)- Obviously, the law does not depend on the specific 
role of X2d- We denote by P^^^ the law obtained on f2 this way, by E*^"^ the expecta- 
tion with respect to P^"\ and by = E*^°)[P^(.)] the annealed law of the process 
starting at x. 

In [13], it was proved that when 




there exists an invariant probability measure for the environment viewed from the par- 
ticle, absolutely continuous with respect to P^^^. This leads to a complete description 
of ballistic regimes and directional transience. However, when k ^ 1, such an invariant 
probability does not exist, and we only know that the walk is sub-ballistic. In this 
paper, we focus on the case k ^ 1. We prove the existence of an invariant probabil- 
ity measure for an accelerated walk. This allows to characterize recurrence in each 
direction for the initial walk. 
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Let (7 = (e^, . . . , e") be a directed path. By directed path, we mean a sequence of 
directed edges such that = e^"'"^ for all i (e and e are the head and tail of the edge 
e). We note uj„ = YYi=i^i^^)- A be a finite connected set of vertices containing 0. 
Our accelerating function is ■y'^{x) = ^J-^ , where the sum is on all a finite simple (each 
vertex is visited at most once) paths starting from x, going out of a; + A, and stopped 
just after exiting x + A. Let be the continuous-time Markov chain whose jump rate 
from X to y is j'^{x)uj{x,y), with Xq = 0. Then = Xt„, for = X)Li ^rW)^^' 
where the Ei arc independent exponentially distributed random variables with rate 
parameters 1 : is an accelerated version of the walk Z„. 

We note (Tj;)j.gzd the shift on the environment defined by : TxUj{y, z) = uj{x+y, x+z), 
and call process seen from the particle the process defined by cJt = TXt^- Under Pq" 
{uo e il), a;* is a Markov process on state space his generator R is given by 

2d 

Rf{u) = J2r{0M0,e,)f{Te^u), 

i=0 

for all bounded measurable functions f on Q. Invariant probability measures abso- 
lutely continuous with respect to the law of the environment are a classical tool to 
study processes viewed from the particle. The following theorem provides one for our 
accelerated walk. 

Theorem 1. Let d ^ 3 and P^°^ be the law of the Dirichlet environment for the weights 
{ai, . . . , a2d) ■ Let > be defined by 

= min{ ) K connected set of vertices ,0 & K and dA n K (/)} 

eed+(K) 

where d+{K) = {eEE, eEK,e^ K} and dA = {x E A\3y x such that y ^ A}. If 
> 1, there exists a unique probability measure Q*^"^ on that is absolutely continuous 
with respect to P^"^ and invariant for the generator R. Furthermore, is in Lp{P^°'^) 
for all 1 ^ p < K^. 
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Figure : ^ (dashed arrows) for an arbitrary K (thick fines). 
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Remark 1. If A is a box of radius Ra, the formula is explicit : 

= mill + ai^j^d + {Ra + 1) y^(«i + • 

Remark 2. can be made as big as we want by taking the set A big enough. Then 
for each {ai, . . . ,a2d), there exists an acceleration function such that the accelerated 
walk verifies theoremUl 

Let da = Eq"''[Zi] = — ^^=1 '^i^i the drift after the first jump. 

Theorem 2. Let d ^ 3, 

i) If > 1 and da = 0, then 

lim ^ = 0, Fi^'K.s.. 



t-^+oo t 

and \fi = 1 . . . d, 



hminf ■ Cj = — oo, hmsupXj ■ Cj = +oo, Pq^^a.s.. 
ii) If > 1 and da 0, then 3f 7^ such that 

hm — - = f, Pn"''a.s., 

and \/i = 1 . . . d such that da - Ci ^ 0, we have 

{da ■ ei){v ■ Ci) > 0, 

whereas if da ■ Gi = 0, 

hminf ■ Cj = —00, hmsupX^ ■ = +00, P^^^a.s.. 

As {Xt)t£R_^ and {Zn)neN go through exactly the same vertices in the same order, and 
as the two processes stay a finite time on each vertex without exploding, recurrence 
and transience for the original walk Z„ ■ Cj follow from those of Xt ■ Cj. 

Corollary 3. Let d ^ 3, for i = 1, . . . ,d 

i) If da ■ei = 0, 



liminf Z„ ■ Cj = — 00, limsup Z„ ■ Cj = +cxd, Pq a.s. 

n— >+oo 



iiii ' — — iiiiioup ^„ ■ oj — -ru>^, 
n— >+oo 

ii) If da ■ei>0, 

lim Zn ■ Ci = +00, p'^\.s.. 

iii) If da ■ Cj < 0, 

lim Zn ■ Ci = —00, PQ°^a.s.. 

n— >+oo 

The proof of theorem |2] allows besides to solve the problem of Kalikow's — 1 law 
in the Dirichlet case. 

Corollary 4 (Kalikow's — 1 law in the Dirichlet case). Let p(") be the law of the 

Dirichlet environment on Z'^ , d 1, for the weights (ai, . . . , a2d), o-nd Zn the associated 
random walk in Dirichlet environment. Then for all / G R'^ \ {0}, we are in one of the 
following cases : 

• liminf Z„ ■ / = —00, lim sup Z„ ■ I = +00, Po°''a.s., 



n— >+oo 



n— >+oo 



• lim Zn - 1 = — oo, ^^q\.s., 

• lim Z„ ■ / = +00, PQ^^a.s.. 

n— >+oo 

Remark 3. Theorem\^also gives the existence of a deterministic asymptotic direction 
Pq"'' a.s. when d ^ 3 and da ^ 0- As I was finishing this article, Tournier informed 



me about the existence of a more general version of theorem 1 of |14]. Using this result 
instead of [14J in the proof of theorem allows to show that the asymptotic direction 
is see [19j for details. 

In the transient sub-ballistic case, we also obtain the polynomial order of the mag- 
nitude of the walk's displacement : 

Theorem 5. Let d ^ 3, P'-"-' be the law of the Dirichlet environment with parameters 
(«!, . . . , a2d) on Z'^, and the associated random walk in Dirichlet environment. We 

suppose that k = 2 {^iti «i) - "^3^1=1,.. .,d{oii + oii+d) ^1- Let I & {ei, . . . , e2d] be 
such that da ■ I ^ 0. Then 

lim — f ^ " = K in P^"'^ -probability. 
n-5-+oo log(ra) 



Remark 4. The directional transience shown in [19] should also enable to extend the 
results of theorem\^ corollary\^ and theorem\^ from (ej)j=i^...^2(i to any I G R'^. 

3. Proof of theorem [U 

We first give some definitions and notations. Let (G, V) be an oriented graph. For 
e e -E", we note e the tail of the edge, and e his head, such that e = (e, e). The 
divergence operator is : div : R-^ — )■ R^ such that : Va; G Z'^, 



div(^^)(x)= ^(^)- E ^(^)- 



egi?, e=x e£E, e=x 

\d 



For G N*, we set Tjv = (z/Nz) the d-dimensional torus of size A^. We note 



Gm = (Tiy, E]y) the directed graph obtained by projection of (z"', E) on the torus T, 



N- 



Let i7jv be the space of elliptic random environments on the torus : 

2d 

Qj^ = {co = {uj{x, y))xr^y g]0, 1]'^^ such that Vx G T/v, u{x, x + ei) = 1}. 

i=l 

We denote by P^^ the law on the environment obtained by choosing independently for 
each X G Tjy the exit probabilities of x according to a Dirichlet law with parameters 

(tti, • • • , (y.2d)- 

For oj G i^AT, we note tt^ the unique (because of ellipticity) invariant probability 
measure of Z'f on the torus in the environment uj. Then ( ^ttt-t I is an invariant 



7"(a;) 



measure for Xf on the torus in the environment w, and 



is the associated invariant probability. Define 

f^iuj) := iV^7f5^(0) and qS^^ := /;vpS^\ 



then, thanks to translation invariance, 0^^"* is an invariant probabihty measure on 



N- 



We can now reduce theorem [T] to the following lemma. 
Lemma 1. Vp G 

sup II /iv L („(c.) < +00. 

Once this lemma is proved, the proof of theorem [1] follows easily, we refer to |13] . 
pages 5, 6, where the situation is exactly the same, or to [2j, pages 11 and 18, 19. 

Proof of lemma 1. This proof is divided in two main steps. First we introduce the 
"time-reversed environment" and prepare the application of the "time reversal invari- 
ance" (lemma 1 of [12j, or proposition 1 of [14j). Then we apply this invariance, and 
use a lemma of the type "max-flow min-cut problem". 

Step 1 : Let {u){x,y))xr^y be in Qjsf. The time-reversed environment is defined by : 

uj{x,y) = uj{y,x)- 



7r%{x) 



We know that : Vx G Tn, 



2d 



^a{e) = ^a(e) = ^ 



a 



31 



then div(a)(x) = 0. We can therefore apply lemma 1 of \12\ which gives : if {uj{x,y)) 

is distributed according to pj^-*, then {uj{x,y)) is distributed according to where 

\/{x,y)eEl, 

a{x,y) = a{y,x). 
Let p be a real, 1 <p < k^. We have : 

{f^{u;)r = {N'^n%{0)Y . 
Introducing the immediate fact that 

1 = ^Ni^)^ 

x&Tm 

it gives : 



^5^(0) X iV' 



y 



\ xdTM ) 

we can then use the arithmetico-geometric inequality : 



(/^MF ^ n 



(3.1; 



n 



7r-(x) 



7'^(0) 



Take : Ej^ — )• R+, and define Q^q by : Vx ~ y, Qfqi:^-, v) = ^7v(y? x\ It is clear that 



(3.2) 



On 



div(6»jv) 
N 
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where by A'' we mean HeeEiv ^i^)^^^^ (resp. HxeTiv ^i^)^^^^) fo^' couple of functions 
A, (3 on E]\f (resp. T/v). Therefore, if we choose 9^ '■ Ej^ — )■ R+ such that 

(3.3) div(M = l^ 



3?T]) and (13. 2 p give us 



We therefore only have to show that we can find {6N)NeN such that for all A^, 6n 
satisfies (13. 3p and such that : 



(3.4) sup e(") 



cj^'' tt '''' 

uj^ 11 I 



< oo. 



Step 2 : Take p > 1. We first construct a sequence {9^)^^^ that satisfies (13. 3p . and 
then we show that it satisfies (13. 4p . 

Construction of (^Af)AreN- We want to use lemma 2 of [13], which is a result of 
type maw- flow min-cut (see for example pilj, section 3.1, for a general description of 
the max-fiow min-cut problem). We first recall some definitions and notions on the 
matter. In an infinite graph G = (V", £"), a cut-set between x & V and oo is a subset 5* 
of E such that any infinite simple directed path (i.e. an infinite directed path that does 
not go twice through the same vertex) starting from x must necessarily go through one 
edge in S. A cut-set which is minimal for inclusion is necessarily of the form : 

(3.5) S = d+{A) = {eeE, eeA.eeA^} 

where A is a finite subset of V containing x and such that any y & A can be reached 
by a directed path in A starting from x. Let (c(e))eGE be a family of non-negative 
reals, called the capacities. The minimal cut-set sum between and oo is defined by : 

m((c(e))ee_B) = inf{c(S'), S a cut-set separating and oo} 

where c{S) = Ylees Remark that the infimum can be taken only on minimal 

cut-sets, i.e. cut-sets of the form (13. 5p . 

Subsequent calculations will show the need for a depending on an arbitrary path 
a from to A'^. Set A^ G N, we define : 



a{e) + a e E cr 
a(e) otherwise 



Then m((a(^)(e))eei?^) ^ n^. Indeed : 

• If some e G 0" is in the min-cut, it is obvious. 

• Otherwise, as G cr the min-cut is of the form S = d^{K) with a G K and 
K a finite connected set of vertices. The definition of in theorem [T] gives 
directly m{{a^''\e))eeEj,) > ft:^- 

Then lemma 2 of ^3J, with c(e) = -^a^'^^e), gives that for all N ^ Nq there is a 
function Ojq satisfying (13. 3p and such that ^Ar(e) ^ -^^''"'•'(e). 

Preliminary computations about ( 13. 4p . Let q and r be positive reals such 
that ^ + ^ = 1 and pq < k^. Using in a first time Holder's inequality and then the 
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time- reversed environment (lemma 1 of [12]), we obtain : 



n 



i^e^ ii \ 7'^(0) 



^ E 



(a) 



(3.6) 



n 

n 

x&Tn 



7'^(0) 



pq ■ 



7'^(X)^ JV 

7^(0) 



Define a{x) = J2e=x'^('^)^ (^n{x) = J2e=x^N(^)- ^'^^ ^ ^ '^n, we have a{x) = 
o^(^) — X]i=o'^«' thus note ao = Yllto^i- order to simphfy notations, we note 
dXn = rieGEjv where we obtain En from by removing for each x one arbitrary 

edge leaving x. We can now compute the first expectation in (I3.6p : 



n 

xGTn 



7'^(X) \ 

7'^(0) 



, ^, , , j;^ n r(a^) 

n ^#^^A. 



7^(0) ; n r(«e) 



n ^(^; 



o{e)-l-gejv(e) 



(T:0-i-A= 



n r(«. 



-dXc 



n I E n r(a,) 

3:^0 



where all the sums on cr correspond to the sums on simple paths. As 

\ pq 



cr:0->A<^ 

pq 



with C = (#{(T : A"})^^'^, we have : 



n 

x£Tn 



PQ 

7'^(x) \ 



7^(0) 



«c 5: / n-(^: 



a(e)-l-ijejv{e) 



c^r^^'^ n r(«.) 



n I E ^ J n r(ae) 

xGTjv Vo":a^-^(2:+A)<: / ee-Bjv 



pq 

n u;(e)"(^)-l-''^^^(^) ) 0;^"^ I [l r(a., 



-dXr 



n 



n r(ae 



where is an arbitrarily chosen simple path in the preceding sum. Then 

n r(ao) n r (e) - g^^(e)) 



pq 



7'^(0) 



" .^K^ n r(ae) n r(/3-(x)-g^^;v(x)) 



iv 



iV 



with 



/3'^(a;) = ^r(e) 



and 



As A is finite, an edge can be in only a finite number of a^- We have then for all e, 
^^g^^ Iggo-j; < +00. This proves that is well defined and takes only finite 

values. 

The second expectation in (13. 6p is easy to compute : 



n r(a(e) + r^^(e)) [1 TM 



We did not check that the previous expressions are well defined : we need to prove 
that for the given 6n, the arguments of the Gamma functions are positive. As it is a 
bit tedious, we delay this checking to the next point in the proof. 

We now have that E*^"^ 



nr(ao)nr(r(e)-g^^^(e)) 
^ ^ nr(ae)nr(/3-(x)-g0jv(x)) 



criO^A' 

e X 

which is smaller than 



nr(a„)nr(/3°(e)-,#A,(e)) 



is smaller than : 
nr(a(e) + r^^;v(e))nr(ao) 

e X 

nr(ao + r^iv(x))nr(a(e)) 

X e 

nr(«(e)+r^jv(e))nr(«o) 



(t:0->A= 



n r(ae) n r W-{x) - q9N{x)) I \ n r(ao + r^7v(x)) [l r(«(e)) 



where C = C : — ?■ A'^})«. We want to prove the finiteness of this expression. 

As we sum on a finite number of paths, we only have to show that the general term of 
the sum stays finite. We are reduced to prove that Vcr : — )■ A'^ simple path, 
(3.7) 



sup 



n r(ao) 



/ n T{p-{e)-qeM{e))\ 



xGTn 



n r(a. 



n r(/3-(x)-ge^(x)) 
\x-eTjv 



/ n T{a{e)+re^{e))\ 
, n r(ao + r^7v(x)) 

\ X&N 



< +00 



Checking that the previous Gamma functions were well defined. As 

for all e G En a{e) > and 6n{g) ^ 0, the result is straightforward except for 
r {P'^{e) — qdN{e)) and T {P'^ {x) — q6 n (x)) . By construction of 6n, we know that 
l3"'{e) — qOwie) ^ /3'^(e) — ^Q;'''^''(e). Then we just have to check the positivity of 
this second expression. Take e G En : 
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• If e G 0", then 

;3-(e)-^a('^)(e) = a(e) 



pq 



a e 



An , PQ F1 



xGTn 



a(e) 1 



As we assumed < and k'^ > 1, a{e) (l — > 0. The second term can be 
made as small as needed by choosing big enough. Then (3"{e) — ^a;*-°"^(e) > 
for big enough. 
If e ^ 0", then 



/3-(e)-^aM(e)=a(e)-^a(e) 



> aie) 1 



pq_ 



m 



PQ 



As before, by choosing A^ big enough we make sure that it is positive. Remark 
that for N big enough, minj=i...2d (l — ^) — (jjA)-^ is also positive, and it 
is a uniform lower bound of (3'^{e) — q6N{e), for all e ^ a. 

Proof of (13. 7p . As cr is a finite path, the above tells us that there exists e > such 
that : 

Ve G a, 5 ^ r(e) - ^«W(e) = a{e) (l " f|) - ^(l + E l^^^-) ^ «(^)' 



x€Tn 
x^O 



and the same is true for a{x) by summing on e. Define : 

/ n r(«o) n sup[,„„^]r(s) 



A1 = 



I n r(«(e)) n inf[£,max,a.]r(s) 



^2 



/ n r(ao) n sup[„ 



e£cr 



(e),o{e)(l+r)+rKA] 



I n r(a(e)) n inf[a(e),a(e){l+r)+rKA] r(s) 



We have then, for any fixed a : 



n r(ao) 



/ n r(/3-(e)-g^^(e))\ 



n r(a. 



n r - ge;v(a;)) 



/ n r(a(e)+r^^jv(e))\" 

eGSjv 

n r(«o + r^7v(x)) 



n r(ao) / n r iP'^ie) -Q0N{e))\' fU r(a(e) + r^;v(e)) \ ' 



nr(ae) I nr(/3-(x)-g^^^(a;)) 

/ 



\ X^cr 



^ A'^A^ exp 



X ee£;iv 

\ e^CT 



x€Tn 
x^a 
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with : 

V (a(e), ^jv(e),r(e)) = - lnr(a(e) + r^7v(e)) + - lnr(/3'^(e) - g^iv(e)) - lnr(a(e)) 

r q 

1 VT 1 

z> (ao, B^{x),fi\x)) = - In r(ao + rO^ix) + ^) + - In r(/3'^(a;) - ^^^(a;)) - In r(ao) 



{X 



{X 



div{9){x) = ). We 
a < a(e) < a, 



(the ffj comes from the fact that Vs ^ 0, 

set a = minjg|i_2d] and a = maxig|i_24 Then Ve G -Eat, 
Ve ^ cr g^^Ar(e) ^ ^^^(e) and < k^. Taylor's inequahty gives : We ^ a,\/x ^ a, 

\u{a{e),e^{e),P'^{e))\ ^ C, {e^{ef + f^) 

with Ci and C2 positive constants. Then we can find a constant C3 > independent 
oiN ^ Nq such that : 



n r(ao) 



/ n T{P'^{e)-q9M{e))\ 



x€Tm 



n r(ae) 



n r(/3-(a;)-ge^(a;)) 



/ n r(a(e) + rejv(e))\ 



e€EN 



n r(«o + r^iv(x)) 



^ exp (cs ( J2 (^N{e)' + Yl ^^(^n 



According to lemma 2 of [13j, this is bounded by a finite constant independent of A^. 
It follows that the supremum on N is finite too. This concludes the argument for any 
fixed cr and proves (13. 7p . This proves the lemma. 

□ 



4. Proof of theorem [2] and corollary S] 

To obtain results on the initial random walk we need some estimates on our 
acceleration function 7"^. In particular, we will need the following lemma : 

Lemma 2. For all x E 7.'^ and s < k, 

e(") {{r{x)y) < +00. 

As its proof is quite computational, we defer it to the appendix. Remark that it is 
nevertheless quite easy to get a weaker bound : 7*^(0) = -^^j- ^ where the sum is 
on all (J finite simple paths from to A'^, and where ai is the path from to A'^ going 
only through edges (nei, (n + l)ei). Then E^") (7'^(0)^) ^ E^") {^^^ < +^ ^11 

A < «!. 

Theorem [2]is based on classical results on ergodic stationary sequences, see [3j pages 
342 — 344. We need another preliminary lemma. 

Lemma 3. Q'-"-' is ergodic and equivalent to P^"\ Set Aj = Xj — z G N, then Aj 

is stationary and ergodic under Q^"^ [Pq {.)] . 

Proof. The proof of the first point is easily adapted from chapter 2 of [2J , by replacing 
the discrete process by the continuous process : we use the continuous martingales con- 
vergence theorems, and the continuous version of Birkhoff 's theorem (see for example 
[S], pages 9 - 11). 
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For the second point, as Q*^"-' is an invariant probability for uJt, it is straightforward 
that Aj is stationary. It remains to prove ergodicity. Set A C (z*^) a measurable set 
such that Vt, 9^^ (A) = A with 9t the time-shift. We note 

r{x,u) = P^iiAi e A)) and r{u) = r(0,w). 

We have Vw G Q, 

(4.1) lim r{Xn,uj) = 1a((A,)), a.s.. 

n— i-oo 

Indeed, setting J^^ = (^i{Xt)t^n) gives : 

P: ((A,) G = ((A,+„) G = P£ ((A,) G A) = r(X„,u;), 

then r{Xn,uj) is a (closed) bounded martingale and we have the wanted limit (14. ip 
by a.s. convergence, as l^((Aj)) is J-'oo-measurable. Remark that r{Xn,u) = r(aJ„). 
The application of Birkhoff's ergodic theorem ([3j, page 337) for the time-shift of size 
1 gives 



1 " 

lim -TriX,,u) = E^'"\ricu)) , P^e..s.. 

1— ^nn T) t * 



k=l 

Comparing with fl4.ip . it implies that E^^"' (r((jj)) G {0, 1}. 

□ 

Lemma 4. Le^ D{l,n) = maXigjo^i] |(X„+i — X„) - /I be the maximum distance travelled 
by the walk in direction I = ci, . . . ,e2d, during a time [n, n + 1], n G N. Choose R\ 
such that A is included in the ball B{0,Ra). Then 

p(") {D{l,n) ^ 2kRA) ^ ^ 

k\ 

where C is a positive constant depending only on the parameters {ai, . . . , a2d)- 

Proof. Let N be the number of visits of before exiting A. The random variable N 
follows a geometric law of parameter p^- := q^^I^q the inverse of the Green function 
killed at the exit time of A. We note T the total time spent on before exiting A, 
T = ^J-^Q^ YliLi Pi-, where the Ei are independent exponential random variables of 
parameter 1. Set e > 0. 

(T ^ e\N) = P- [Y,E^ ^ 7"(0)£|Ar ) = e-^"(o)^ ^ 



k\ 

, j=l / k=N 
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Then 



{T<:e) = e-^"(°)=E" J2 



Kk=N 
+00 +00 



(7"(0)^) 
k\ 



-7"(0)e 



EE 

n=l k=n 
+00 k 



(rim 



-Pn (1 - Pn) 



k=l n=l 

+00 



-7"(0)e 



E 

fc=l 



-PN- 



n-1 



Pn 



I _ g-Piv7"(0)e = ]_ _ g G'^.A(0,0) 



7"(0) , 



For all a > 0, let < A < K, 

7"(0) 

I 1 — e G'^'^(o,o)^ 



As X < K, lemma [2] gives : 



1 

with C a positive constant independent of a. Then for a = e ^+1 we have : 



If D{l,n) ^ 2A;i?A, the walk went through at least A; distinct sets + A of empty 
intersection. The time spent in such a set is bigger than the time spent on one point 
in the set, and those times are independent in disjoint sets (because the environments 
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in the sets are independent). We get (for Ti, . . . , i.i.d. of same law as T) : 
p(") n) ^ 2kRA) 

= p(") ^3£i, ...,ek such that ^ 1 and Ti ^ £i, . . . , ^ 

k 



{c + iy 



+ 1] 



r(A;3^ + A; + l) 

((c + r 



((c + i)r(ATT + i))' 



This concludes the proof of the lemma. 



□ 



Proof of theorem\^ Lemma[3]gives that the sequence (Aj)jgN is stationary and ergodic 
under Q^") (P^(.)). We apply Birkhoff 's ergodic theorem to the Aj to get a law of large 
numbers : 

^ ^fc^oo,fc6N E^'"' [^o"(^i)] > q!)"^ a.s. and thus pj") a.s. . 

If da'Ci = 0, the symmetry of the law of the environment gives E^'°' [E'q (Xi)] -Cj = 0. 
Then ^ — )■ when da = 0. Furthermore theorem 6.3.2 of [3j gives that the processes 
Xfc is directionally recurrent when da ■ Ci = 0. As Xf stays only a finite time on each 
vertex before the next jump, directional recurrence for (Xyfc)^^^ implies directional 
recurrence for {Xt)teR^ (the probability to come back to after a finite time is 1). 

For / G R*^, we note Ai = {Xt^^ ■ I — )■ oo}, where {tk)ken are the jump times. If / 7^ 
andif p[,"^(A;) > 0, Kalikow's 0-1 law ([6], [21] propositions) gives p[,"^(A/UA_z) = 1. 
Suppose that da ■ Ci > then ([HI) Po°''(Ae.) > 0, this implies that {Xt^. ■ ei)k&^ visits 
a finite number of times Qq"'' a.s.. Then {Xk ■ ei)fcgN visits a finite number of times 
Qo"^ a.s. (as Xt stays only a finite time on each vertex). Theorem 6.3.2 of [3J and 
Birkhoff's ergodic theorem give then : E"^'"' {E^{Xi)) ■ Ci > 0. 

We now consider the limit for the continuous-time walk. For t > 0, we set A; = [t\. 
Then for alH = 1, . . . , 2d, 

Xk- Ci- D{ei, k) ^ Xt ■ Ci ^ Xk ■ Ci + D{ei, k). 

Then 

Xk ■ Cj _ D{eu k) ^ Xt ■ Cj ^ Xk ■ Cj D{ei,k) 
k-1 k-1 ^ t ^ k k ' 

Lemma m gives : for e > 0, 



hOO 



k=l 



Then by Borel-Cantelli's lemma, '^'-'^''^^ -^t^+oo , Pg"'' a.s. . It gives 
hm ^= lim ^ = E^'"'[E-iX,)] , P(")a.s. . 
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This gives the directional transience in the case ■ ei > 0, and finishes the proof. 

□ 

Proof of corollary [7} We prove as in the proof of theorem |2] that 
(4.2) hm ^ = hm ^ = E°'"' [E^iX,)] , P^") a.s. . 

t^+oo t fc— >+oo K 

We still note Ai = {Xt^ ■ I oo, k e N}. Suppose that p'f\Ai) > 0. Then 
pI^\Ai U A-i) = 1 ([^, |2T] proposition 3). It allows to find a finite interval I of R, 
of positive measure, containing and such that (Xt^, ■ I) ken goes a finite number of 
times in J, Pq'^'' a.s. and thus Qq"'' a.s.. As before, it implies that (X^ ■ l)keN goes a 
finite number of times in J, Qq"^ a.s.. We can then apply the theorem of [Ij to {Xk)kez 
(obtained via the extension of {Xt)teR+ to t G R) to get E°*°' [-Eq (Xi ■ /)] 7^ 0. We 
then deduce from dMD that : Xt ■ I ->t-,oo +00 P^,"^ a.s. if E^'"' [^0(^1 " 0] > 0, 
Xf ■ I — >t_j.oo — c>o Pq"'' a.s. else-wise. 

As (Xt)tgR^ and (Z„)„gN go through exactly the same vertexes in the same order, 
and as the two processes stay a finite time on each vertex, without exploding (see 
lemma H]), recurrence and transience for Z„ ■ / follows from those of X^ ■ /. This gives 
as a consequence Kalikow's — 1 law in the d ^ 3 Dirichlet case. 

The — 1 law is true in the general case of random walks in random environments 
for d = 1 and d = 2 (see respectively Solomon ([IS]) and Zerner and Merkl ([2T])), it 
concludes the proof. 

□ 



5. Proof of theorem \5\ 

To prove the result, we need a preliminary theorem on the polynomial order of the 
hitting times of the walk. 

Theorem 6. Let d ^ 3, P^"^ be the law of the Dirichlet environment with parameters 
(ai, . . . , a2d) on Z'^ , and the associated random walk in Dirichlet environment. We 

suppose that k = 2 {^2d=i "^j) ~ (^(ai + Oj+d) ^ 1. Let I G {ei, . . . , 62^} he 

such that da ■ I ^ 0. Let T^'^ = infj{z G N |Zj ■ Z ^ n} be the hitting time of the level n 
in direction I, for the non- accelerated walk Z . Then : 

log(T''^) 1 
lim — — = — in P^"^ -probability. 

log(n) K 

Proof. Upper bound 

Define A{t) = 'j^{Xs)ds. Then X^-i(i) is the continuous-time Markov chain 
whose jump rate from x to ?/ is uj{x,y). This Markov chain has asymptotically the 

same behaviour as Z„, then we only have to prove that lim„_^+oo \og{n) ^ '^i^^ 
T^'^ = inf4{tGR+|Xf/^n}. 
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Set < a < K, and take /3 such that a < j3 < k. Using first Markov's inequahty 
and then the inequahty (X]i=i "^iY ^ Yli'i=i{'^iY for e < 1 gives : 



1 

^y^E 



where \t\ represents the upper integer part of t. Let Di = max/g{ei,...,e2d}(-D(/, '^)) (cf. 
lemmalDfor the definition of D{1, i)). Sphtting the expectation depending on the value 
of Di gives : 



,k=0 



j-1 



+ 00 

k=0 



v 



I 



} 



fc=0 



v 



g/3\ 



where B{Xi, k) = {x E Z'^l maxj=i^...^2d ~ 3;) ■ e-,! ^ A;}, and ^ + ^ = 1. For the last 
Holder's inequality, we chose g > 1 such that g/3 < k. 

In the following, c and C will be finite constants, that can change from line to line. 
As P(A = k) ^ P(A k) ^ by lemma H and q/3 < 1 we get : 



fe=0 x<^B{X,,k) 



9/3 \ 



17 



As the Dirichlet laws are iid, the value of the expectation is independent of x. Lemma 
|2]then gives a uniform finite bound for all x. 



^ ^ ^^t" i=l k=0 xeB(X.,k) 



x^t'^ i=l k=0 



k 



< c- 



xH^ U ^' 



x^ 

As /3 > a, it implies that — >t^+oo in P*^") -probability, for all a < k. Then, 



I X *^ 

^^J''^ I — T-j^+oo in P^"^ -probability. Theorem [2] gives 

(Tn' ) " 

lim ^^ = v.l^o, pf,°^a.s.. 

Then -> ■ / and T^'^ ~ fj. It implies that ~ " 0^ 

in P ^"^-probability, for all a < k. 

log(A(TA-^)) ^ 1 

Lower bound 

This proof follows the lines of the proof of proposition 12 in [18]. As k ^ 1, we can 

y2d 



It gives lim„^+oo iog{n) ^ k ^'^'^ concludes the proof of the upper bound. 



assume that ai + a^i ^ 2 X]j=i ^^j ~ 1- We prove that, for every / G {ei, . . . , 62^}, 
for every a > k, >n^oo +C)0 P^"^ a.s.. The same being true for (Tg^^, J, this is 

n a 

sufficient to conclude. 

Set I e {ei, . . . , e2d}. We introduce the exit times 

00 = inf{n en\Zni {Zo,Zo + ei}} 

(with a minus sign instead of the plus if / = — ei), and for A; ^ 1, Gfc = Oo o 'Trpi,z 

2k 

(where r is the time-shift). We use the convention that = 00 if Tg),, = 00. The 
only dependence between the times 0^ is that Qj = 00 implies = 00 for all k ^ j. 
The "2" inT2j^^ causes indeed to depend only on {x G Z'^\x-l G {2A;,2fc + l}} which 
are disjoint parts of the environment 
For to, . . . ,tk G A^, one has, using 
dence and the translation invariance of P*^"-* : 

Pq"'' (©0 = to, ■ ■ ■ ,'S>k = tk) = Pq"'' (Qo = to, . . . , Qk-i = tk-i, Ofc = tk, Tjjf < 00 

< p(") (60 = to,..., Ok-i = tfe-i) Pf,"^ (60 = tk) 
^ . . . ^ P^") (60 = to) . . . P^"^ (60 = 4-1) P^"^ (60 = tk) 
= p(") (^Q, = to,...,Qk = tk 



ml Z 

For to, . . . ,tk G A^, one has, using the Markov property at time T^^, , the indepen- 
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where, under P^°'\ the random variables Bfc are independent and have the same dis- 
tribution as Gq. From this, we deduce that for all A C N^, 

pj") ((6,) eA)<: p(") ((6,) e A 

In particular, for a > k, 

(5.1) p(") ( hminf ®° + • • • + <oo]^ p(") ( liminf ®° + " " " + < oo' 

V ^ fca J y k f^^ ^ 

In order to bound this probability, we compute the tail of the distribution of 0o 
using Stirling's formula : 

Pi"^ (eo^n) = E(a;(0,ei)rtla;(ei,0)LtJ) 

r(ao)^ r(«i + [f])r(c._i+[fj) 
r(ai)r(«-i) r(ao+ [tl)r(ao+ [fj) 

with c a constant. We can then use the limit theorem for stable laws (see for example 
[3]) that gives : 

Oo + ■ ■ ■ + ©fe-i 



.4 



where Y has a non-degenerate distribution. Then for a > k, Qo+ ' +Qfc i _i. qq f|5.ip 



then gives p[,"^ fliminffc ®°+"t®'"^ < oo) = 0. 

V ka / 



As ^ 6o + ■ ■ ■ + 6fc_i, it gives -^n-^oo +oo P'-"-' a.s. as wanted, for all 
a > K. It gives lim„^_|.oo \og{n) ^ k ^'^'^ concludes the proof of the lower bound. 

ogn « ^ 

Using an inversion argument, we can now prove theorem [5l 

Proof of theorem\^ We note Zn = maxj^„ Zi ■ I. As Z„ ^ m <^ ^ n, theorem [6] 
gives that for any e > we have, for n big enough, 

n^~'' ^ ^ ^ in p(")-probability. 

As Z„ ■ / is transient, we can introduce renewal times Xj for the direction / (see [T7] 
or [20] p71 for a detailed construction) such that < +oo P^"-* a.s., for all i. Then 

^ Z„ - Z„ ■ / ^ max (Z^ - Z^J ■ / for n ^ ri. 

i=0,...,n— 1 

When the walk Zn ■ I discovers a new vertex in direction /, there is a positive proba- 
bility that this vertex will be the next Z^--. As the vertexes have i.i.d. exit probabilities 
under P^°'\ this probability is independent of the newly discovered vertex, and is inde- 
pendent of the path that lead to this vertex. Then (.^r^+i — ^rj ■ ^ follows a geometric 
law of parameter p'^")(Zo = ^tJ, for alH G N. This means that we can find C and c 
two positive constants such that for all n, P^°'^ ((^ri+i ~ -^rj ■ I ^ n) ^ Ce~'^". 

Borel Cantelli's lemma then gives that, for n big enough, 

. max iZr,^, - Z.J • / ^ {\ognf p(°) a.s.. 

i=0,...,n— 1 



19 



As Ti < oo, it gives 

^Zn-l^ n'"+^ in p(") -probability. 

log(^n-0 

□ 



Taking the limit e — )• gives lim„_^+oo °\og{^) ~ ^ concludes the proof. 



Appendix A. Proof of lemma [2] 

The proof that follows is largely inspired by the article [18] by Tournier. His result 
can however not be directly applied here, as --^^[x) ^ x), and some of the paths 

he considered are not necessarily simple paths. To adapt the proof to our case, we 
need an additional assumption on the graph (some symmetry property for the edges), 
which simplifies the proof (the construction of the set C{uj) is quite shorter). 

To prove the result, we consider the case of finite directed graphs with a cemetery 
vertex. A vertex 5 is said to be a cemetery vertex when no edge exits 5, and every 
vertex is connected to 5 through a directed path. We furthermore suppose that the 
graphs have no multiple edges, no elementary loop (consisting of one edge starting and 
ending at the same point), and that if (x, y) E E and y ^ S, then {y, x) G E. 

We need a definition of 7'^(x) for those graphs. Let G = {V U {6}, E) be a finite di- 
rected graph, {a{e))eeE be a family of positive real numbers, P*^") be the corresponding 
Dirichlet distribution, and (Z„) the associated random walk in Dirichlet environment. 
We need the following stopping times : the hitting times 

= m{{n ^ 0\Zn = x} 



and 

for X G G, the exit time 



Hx = ini{n ^ l\Zn = x} 



Ta = mf{n ^0\Zn^ A} 
for A G V, and the time of the first loop 

L = mf{n ^ l|3r?,o < n such that Z„ = Z, 

For X in such a G, we define : 

1 1 



"0 . 



where we sum on simple paths from x to6. In the following, we denote by an arbitrary 
fixed vertex in G. We use the notations A = {e\eE A} and A = {e|e G A} for A G E, 
and we call strongly connected a subset A of E such that for all x,y E AU A, there is 
a path in A from x to y. Remark that if A is strongly connected, then A = A. 
For the new function 7"^ on G, we get the following result 

Theorem 7. Let G = (V U {6},E) be a finite directed graph, where 6 is a cemetery 
vertex. We furthermore suppose that G has no multiple edges, no elementary loop, and 
that if {x, y) E E and y ^ 5, then {y, x) G E. Let {a{e))e£E be a family of positive real 
numbers, and P^"^ be the corresponding Dirichlet distribution. Let E V. There exist 
c,C,r > such that, for t large enough, 

p(")(7"(0)>t)^C-^i^^ 

where the minimum is taken over all strongly connected subsets A of E such that E A, 
and Pa = Tleed A^i^)' (^^ recall that d+{K) = {e E E, eE K, e ^ K}). 
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In Z'^, we can identify A'^ (where A is the subset involved in the construction of 
7*^) with a cemetery vertex 6. We obtain a graph where the two definitions of 
coincide, and that verifies the hypothesis of theorem [71 Among the strongly connected 
subsets A of edges such that A contains a given x, the ones minimizing the "exit 
sum" Pa are made of only two edges {x,x + Cj) and {x + ei,x), i G |l,2(i|. Then 

min^/^A = K = 2 (^fti a^j - maxi=i,,,,,d(ai + ai+d)- It proves lemma El 

Proof of theoremYh This proof is based on the proof of the "upper bound" in |18| . We 
need lower bounds on the probability to reach 5 by a simple path. We construct a 
random subset C{(jj) where a weaker ellipticity condition holds. Quotienting by this 
subset allows to get a lower bound for the equivalent of Pq{Hs < Hq A L) in the 
quotient graph. Proceeding by induction then allows to conclude. 

We proceed by induction on the number of edges of G. More precisely, we prove : 

Proposition 8. Let n G N*. Let G = (V VJ {5},E) he a directed graph possessing 
at most n edges, and such that every vertex is connected to 6 by a directed path. We 
furthermore suppose that G has no multiple edges, no elementary loop, and that if 
{x,y) G E and y ^ 5, then {y,x) G E. Let (a(e))eeE be positive real numbers. Then, 
for every vertex & V , there exist real numbers G,r > such that, for small e > 0, 

p(a) (^p^^Hs <HoAL)^6^ ^ Cef^i- IneY 

where (3 = min{/3yi|y4 is a strongly connected subset ofV and G A}. 

As 7'^(0) = p^^^ , this proposition suffices to prove the result. The following 

is devoted to its proof. 

Initialization : if \E\ = 1, the only edge links to 6, then Pq{Hs < Hq A L) = 1 and 
the property is true. 

If l^'l = 2, the only possible edges link to 5, and another vertex x to 5, then 
Pq{Hs < Hq a L) = 1 and the property is true. 

Let n G N*. We suppose the induction hypothesis to be true at rank n. Let 
G = {V U {6}, E) be a directed graph with n + 1 edges, and such that every vertex is 
connected to 5 by a directed path. We furthermore suppose that G has no multiple 
edges, no elementary loop, and that if (x, y) & E and y S, then {y, x) G E. Let 
{a{e))e£E be positive real numbers. To get a "weak ellipticity condition", we introduce 
the random subset C{u)) of E constructed as follows : 

Construction of C{u)). Let u & Q. Let x be chosen for u{0,x) to be a maximizer 
on all uj{0, y), y ~ 0. If x 7^ 5, we set 

CM = {(0,x);(x,0)}. 

If X = S, we set G{u)) = {(0,5)}. Remark that G{uj) is well defined as soon as x is 
uniquely defined, which means almost surely, as there is always a directed path heading 
to 6. 

The support of the distribution of w — >■ G{u}) writes as a disjoint union C = Cq U Cg 
depending whether x = 6 or not. For C G C, we define the event 

£c = {Citu) = C}. 

As C is finite, it is sufficient to prove the upper bound separately on all events Sc- If 
C G Cs, on £c, Pq{Hs < Hq A L) ^ P^{Zi = 5) ^ ^ by construction of G{u). Then 
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we have for small e > : 

p(") (Po"(^5 <HoAL)^6, Sc) = 

In the following, we will therefore work on £c, when C G Co (ie when x ^ S). In this 
case, C is strongly connected. 
Quotienting procedure. 

Definition 1. If A is a strongly connected subset of edges of a graph G = {V,E), 
the quotient graph of G obtained by contracting A G E to the vertex a is the graph G 
deduced from G by deleting the edges of A, replacing all the vertices of A by one new 
vertex a, and modifying the endpoints of the edges of E \ A accordingly. Thus the set 
of edges of G is naturally in bisection with E\A and can be thought of as a subset of 
E. 

In our case, we consider the quotient graph G obtained by contracting C(a;), which 
is a strongly connected subset of i?, to a new vertex 0. We need to define the associated 
quotient environment u gVL. For every edge in E, ii e ^ d+C_ then uj{e) = uj{e), and 
if e G d+C, u{e) = where S = Y.eed+c^(^)- 

This environment allows us to bound 7'^(0) using the similar quantity in G. Notice 
that, from 0, one way for the walk to reach 6 without coming back to and without 
making loops consists in exiting C without coming back to 0, and then reaching 5 
without coming back to C_ (0 or x) and without making loops. Then, for u G Sc, 

P^{Hs<HoAL) 

^ P^{Hs <HcAL) + P^{Zi =x,Hs<l + iHcAL)o n) 
= P^{Hs <HcM) + P^{Z, = x)P:{Hs <HcM) 

^ P^{H, <HcAL) + j^^P^iHs <HcAL) 

^ JF\ i^^^^' <HcAL) + P^iHs <HcA L)) 
= j^^j:P§iHs<HoAL) 

where we used the Markov property, the construction of C, ^ 1, and the definition 
of the quotient. Finally, we have 

(A.l) p(") (^P^{Hs <HoAL)^ e,Sc) < P^"^ (sPjf (i/^ < Ho A L) ^ \E\e,Sc) . 

Back to Dirichlet environment. Under P^°'\ u does not follow a Dirichlet dis- 
tribution because of the normalization. But we can reduce to the Dirichlet situation 
with the following lemma (which is a particular case of lemma 9 in [T8j). 

Lemma 5. Let {u^^^)i^i^noy {^i^^)i^i^nx be the exit probabilities out of and x for 
u G Q, they are independent random variables following Dirichlet laws of respective 

parameters (af ^)i«;i«;„o, (af ^)i=£i=£n,- Let S = EeGa+c'^(^) l^c = Eega+c:"(^)- 
There exists positive constants c, c' such that, for every e > 0, 
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where P*^"-' is the Dirichlet distribution of parameter (a(e))ggg on ^l, to is the canon- 
ical random variable on (l, and, under P^°'\ is a positive bounded random variable 
independent of u and such that, for all e > 0, P*^"^(S ^ £:) ^ c'e^^ . 

Remark that the symmetry property we imposed on the edges is important here : if 
there was no edge from a; to 0, the probabihty for a walk in G to exit through one 
of the edges exiting x in G would necessarily be bigger than i. Then asymptotically, 
it could not be bounded by Dirichlet variables. 

This lemma and (lA.ip give : 

(A.2) p(") {p^{Hs <HoAL)^e, £c) ^ P^"^ (sPf (i/^ < A L) ^ \E\e, 8, 

^ pH (j:P^{Hs <HoAL)^ \E\e^ 
^ cp(") (tP^iHs <HoAL)^ \E\e^ . 

Induction. Inequality (lA.2p relates the same quantities in G and G, allowing to 
complete the induction argument. 

The edges in C do not appear in G any more : G has n—2 edges. In order to apply the 
induction hypothesis, we need to check that each vertex is connected to 5. This results 
directly from the same property for G. If {x,y) G E and y 6, then {x,y) ^ G{u) 
and {y,x) ^ C{u). As only the edges of G{u) disappeared, then {y,x) E E. G has no 
elementary loop. Indeed G has none, and the quotienting only merges the vertices of 
C_, whose joining edges are those of G, deleted in the construction. It only remains to 
prove that G has no multiple edges. It is not necessarily the case (quotienting may have 
created multiple edges), but it is possible to reduce to this case, using the additivity 
property of the Dirichlet distribution. 

The induction hypothesis applied to G and then gives, for small e > 0, 

(A.3) p(") (p-q{Hs <HoAL) <:6^ !^ c"e^{-lney, 

where c" > 0, r > and /3 is the exponent from the statement of the induction 
hypothesis corresponding to the graph G. 

This inequality, associated with (lA.2p and the following simple lemma (also see ^18] 
for the proof of the lemma) then allows to carry out the induction : 

Lemma 6. If X andY are independent positive bounded random variables such that, 
for some real numbers ax, o^y, r > 0, 

• there exists G > such that P{X < e) ^ Ge"'^ for all e > (or equivalently 
for small e ); 

• there exists G' > such that P(Y < e) ^ G'e""^ IneY for small e > 0; 
then there exists a constant G" > such that, for small e > 0, 

P{XY ^ e) ^ C"e°^-^°^(-ln£)"+i 

(and r + 1 can be replaced by r if ax 7^ ay ). 

We get from this lemma, (1A.2|) and flA.3|) some constants c, r > such that, for 
small e > 0, 



r+1 
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It remains to prove that /3 ^ /3, where /3 is the exponent defined in the induction 
hypothesis relative to G and 0. Let ^4 be a strongly connected subset of E such that 
& A. Set A = A U C G E. In view of the definition of E, every edge exiting 
A corresponds to an edge exiting A, and vice-versa (the only edges deleted in the 
quotient procedure are those of C). Thus, recalling that the weights of the edges are 
preserved in the quotient, = I3a- Moreover, E A and A is strongly connected, so 
that Pa'^ (3. As a consequence, ^ ^ ^ as announced. 

Then l3c/\/3^/3cA/3 — P because C is strongly connected, and e C. It gives, 
for small £ > : 

p(a) (^pu,^jj^ <H,AL)^ e,£c) < ce>'{-lneY+\ 
Summing on all events Sc,C EC concludes the induction and the proof. 

□ 
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